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An internal noise-driven oscillator was studied in a two-variable Drosophila model, where both positive
feedback and negative feedback are crucial to the circadian oscillations. It is shown that internal noise could
sustain reliable oscillations for the parameter which produces a stable steady state in the deterministic
system. The noise-sustained oscillations are interpreted by using phase plane analysis. The period of such
oscillations fluctuates slightly around the period of deterministic oscillations and the coherence of
oscillations becomes the best at an optimal internal noise intensity, indicating the occurrence of intrinsic
coherence resonance. In addition, in the oscillatory region, the coherence of noisy circadian oscillations is
suppressed by the internal noise, but the period is hardly affected, demonstrating the robustness of the
Drosophila model for circadian rhythms to the intrinsic noise.
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1. Introduction

Nearly all living organisms have developed the capability of
generating circadian rhythms to anticipate daily changes in the
environment [1,2]. The molecular mechanism for these rhythms relies
on negative feedback exerted by a protein on the expression of its gene
[3–8]. This negative feedback provides basis for many theoretical
models of circadian rhythms [9–12], which successfully predict that in
a certain range of parameter values, the genetic regulatory network
undergoes sustained oscillations corresponding to circadian rhythmic
behavior. Recent experimental studies in Neurospora [13], Drosophila
[14,15] and Mammalian [16] indicate that positive feedback presents
in circadian clock system and interacts with negative feedback.
Furthermore, in Drosophila, some theoretical studies also suggest that
positive feedback is needed in circadian rhythm and a few detailed
models composing of both positive and negative feedback loops have
been developed [17–21]. In these models, several possible functions
that positive feedback plays in circadian clocks were proposed. For
example, Tyson et al. [18] found that positive feedback decreased the
sensitivity of the oscillatory period to some crucial parameters in
Drosophila, and the oscillations would vanish if the positive feedback
was removed. Hasting [21] suggested that an additional positive
feedback loop to a single negative-feedback model would increase the
precision and the stability of oscillation to stochastic fluctuations. And
a recent theoretical study indicates that positive feedback can make
the system achieve a widely tunable frequency and near-constant
amplitude and be more robust and easier to evolve [22].
Because the number of molecules involved in the regulatory
mechanism at the cellular level may be small, internal noise, resulting
from random fluctuations of biochemical reaction events in finite-size
biochemical systems [23], is remarkable and must be considered in
the regulatory processes. In the past decade, based on the assumption
that the internal noise is destructive, most studies mainly focused on
the robustness or resistance of circadian clock systems to the noise
[24,25]. Actually, it is well-known that in biological systems [26–30]
noise could play some constructive roles, such as stochastic resonance
[31] and coherence resonance [32]. Especially, Perc et al. further
demonstrated that internal noise could induce spatial coherence
resonance [33,34]. Very recently, the constructive effects of internal
noisewere also found in circadian clock systems [35–37]. For example,
internal noise induces stochastic oscillations in a region subthreshold
to the deterministic oscillatory dynamics [35] and such oscillations
could show best regularity at an optimal noise level [36,37],
demonstrating the internal noise coherence resonance. However,
these studies are carried out in the model consisting of only negative
feedback and time delay. Since time delay could provide a noise-
independent mechanism for circadian oscillation [38], it remains
unclear that whether internal noise could induce circadian oscillations
independently in a circadian model. Furthermore, to the best of our
knowledge, few studies on noise effects have been made in those
models composed of positive and negative feedbacks. We would
address this issue here.

In this paper, the effects of internal noise in a simple Drosophila
model proposed by Tyson [18] have been investigated and it is found
that internal noise can produce circadian oscillations in the determinis-
tic model with a steady state. Furthermore, the noise-sustained
circadian oscillation shows best performance at an optimal noise level,
demonstrating the occurrence of intrinsic coherence resonance (ICR). In
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Table 1
Reaction steps and corresponding transition rates involved the Drosophila model.

Transition
processes

Description Transition rate

M→M+1 The synthesis of mRNA per W1=a1V=
vm

1 + ðptð1� qÞ=2PcritÞÞ2
V

M→M−1 The degradation of mRNA W2=a2V=kmM
P→P+1 The translation of protein

from mRNA
W3=a3V=vpM

P→P−1 The phosphorylation of protein W4=a4V=
kp1ptq + k2pt

Jp + pt
V

PER (monomer and dimer)
P→P−1 The proteolysis of protein PER W5=a5V=kp3P
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addition, in the oscillatory region, the coherence of noisy circadian
oscillations is suppressed by the internal noise, but the period is hardly
affected, demonstrating the robustness of the Drosophila model for
circadian rhythms to the intrinsic noise.

2. Model description

The model used in the present study is a simple two-component
model of circadian rhythms based on dimerization and proteolysis of
PER and TIM proteins [18]. This model contains both a negative
feedback loop and a positive feedback loop. PER and TIM proteins are
synthesized in the cytoplasm, and then they may combine to produce
relatively stable heterodimers or be destroyed by proteolysis. Hetero-
dimeric complexes are transported into the nucleus, and inhibit
transcription of per and timmRNA, which forms the negative feedback
loop. PER monomers are more rapidly phosphorylated by DBT and
then degraded, whereas PER dimers are poorer substrates for DBT. In
this condition, PER/TIM dimers protect PER protein from degradation
and accelerate its accumulation, constructing the positive feedback
loop. The detail mechanism can be found in Ref. [18]. The system can
be described as follows:

dm
dt

=
vm

1 + ðp2 =PcritÞn
� kmm; ð1Þ

dp1
dt

= vpm� k′p1p1
Jp + p1 + rp2

� kp3p1 � 2kap
2
1 + 2kdp2; ð2Þ

dp2
dt

= kap
2
1 � kdp2 �

kp2p2
Jp + p1 + rp2

� kp3p2; ð3Þ

where the variables m, p1 and p2 denote the concentrations of per
mRNA , PER protein monomer and PER protein dimer respectively. As
described in Ref. [18], if PER monomers and dimers are in rapid
equilibrium, and the equilibrium coefficient Keq=ka/kd, p2=Keqp1

2, let
total protein pt=p1+2p2, q=p1/pt. And both the Hill coefficient n
and the ratio of enzyme–substrate dissociation constants r are chosen to
be 2. Then, the model can be reduced to two different equations:

dm
dt

=
vm

1 + ðptð1� qÞ=2PcritÞÞ2
� kmm; ð4Þ

dpt
dt

= vpm� kp1ptq + kp2pt
Jp + pt

� kp3pt ; ð5Þ

with

q =
2

1 +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + 8Keqpt ;

q ð6Þ

where, kp1=kp1′ −kp2≈kp1′ . And the detail simplification process can be
found inRef. [18].Note that this reducedmodel ismainlyused in thepresent
paper. Because the phosphorylation of PER is a prelude to its degradation
and evidently affects the period of the clock [39], the maximummonomer
phosphorylation rate kp1, which is temperature dependent, is chosen as the
control parameter. And a set of parameters is used in the present paper as
follows: vm=1 nMh−1, km=0.1 h−1, vp=0.5 h−1, kp2=0.03 nM h−1,
kp3=0.1 h−1, Keq=50 nM−1, Jp=0.05 nM, Pcrit =0.1 nM. The detailed
descriptionsof theparameters and their values canbealso found inRef. [18].

To account for internal noise, the deterministic description is no
longer valid. Generally, one can describe such a reaction system as a
birth–death stochastic process governed by a chemical master equation
which describes the time evolution of the probability of having a given
number of molecules of reaction species [40]. There is no procedure to
solve thismasterequation analytically, but it provides a startingpoint for
numerical simulations. One of the widely used simulation algorithms is
the exact stochastic simulation (ESS) method introduced by Gillespie in
1977 [41],which stochastically determineswhat is thenext reaction step
and when it will happen according to the transition probability of each
reaction event. In accordance with the ESS method, the number of per
mRNA is introduced asM and the total number of PER protein as P, such
that the concentrations of the reactants are obtained asm=M/V, pt=P/
V, where V is the system size and has a dimension of volume. Then, the
biochemical reactions in the Drosophila model can be decomposed into
five elementary reaction steps. See Table 1 for the corresponding
transition rates. Note that the transition rates are proportional to V.

The ESS method has been widely used to study effects of internal
noise in many systems, but it is too time consuming when the system
size is large. Furthermore, the ESS methods cannot afford us a clear
perspective on the origin andmagnitude of internal noise in a system. To
overcome this problem, an alternative method, the chemical Langevin
method, to study internal noise was proposed by Gillespie [42]. It was
proved that the system can be well approximated by a chemical
Langevin equation (CLE) if a macroinfinitesimal time scale exists in the
system. Such a CLE clearly shows how internal noise depends on the
parameter values and the system size, as well as the state variables
evolving with time. The CLE for the current model reads:

dm
dt

= ða1 � a2Þ +
1ffiffiffiffi
V

p ½ ffiffiffiffiffi
a1

p
ζ1ðtÞ �

ffiffiffiffiffi
a2

p
ζ2ðtÞ�; ð7Þ

dpt
dt

= ða3 � a4 � a5Þ +
1ffiffiffiffi
V

p ½ ffiffiffiffiffi
a3

p
ζ3ðtÞ �

ffiffiffiffiffi
a4

p
ζ4ðtÞ �

ffiffiffiffiffi
a5

p
ζ5ðtÞ�; ð8Þ

where ai (i=1,…,5) are the transition rates per volume, as shown in
Table 1, and ζi (i=1,…,5) are independent Gaussianwhite noises with
<ζi (t)>=0 and <ζi (t) ζj (s)>=δijδ(t− s). In the absence of second
terms in the brackets at the right side of Eqs. (7) and (8), these
equations are equivalent with the deterministic Eqs. (4) and (5),
respectively. According to the description in Ref. [42], internal noise is
actually denoted by the second terms in the bracket at the right side of
Eqs. (7) and (8), from which it is clearly seen that the magnitude of
internal noise scales as 1 =

ffiffiffiffi
V

p
and depends on the control parameters

and the concentrations of PER and per.
In the present article, the CLE method is used for numerical

simulation, while the ESS method is only used to show consistency
with the CLE method if necessary. To investigate the influences of
internal noise in the Drosophila model, the magnitude of internal
noise should be scanned over a relatively wide range. Furthermore,
the corresponding deterministic kinetics should be kept unchanged so
as to obtain the pure effect of internal noise. The deterministic kinetics
does not depend on the system size V. So the magnitude of the
internal noise could be varied via changing V.

3. Results and discussion

To investigate the effect of internal noise, it is necessary to study
the corresponding deterministic kinetics for comparison. Eqs. (4) and
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(5) are integrated numerically by Eular method with a time step of
0.001 h. The simulation results show that, when increasing the control
parameter kp1, the system undergoes two Hopf bifurcation (HB) points
at kp1≈3.389 and kp1≈25.55. The maximum and minimum values of
the variable pt are plotted in Fig. 1(a), and the corresponding periods
are shown in Fig. 1(b), which are obtained from the inverse of the
frequency of the highest peak in the corresponding power spectrum
(see Fig. 4, discussed below). Two HB points divide the parameter
space into three regions: the high steady state to the left hand side
(HSS region), the oscillation state in the middle (OSC region), and the
low steady state to the right hand side (LSS region).

It has been reported that external noise or internal noise often has
constructive effects in the steady state region near the bifurcation point
[43–45]. Therefore, influences of internal noise are investigated firstly in
theDrosophila oscillatorwithin the SS regionsnear theHBpoint. Eqs. (7)
and (8) are calculated using the Euler–Maruyamamethod [46] with the
time step of 0.001 h. In Fig. 1(a), the maximum and minimum values of
pt in the stochasticmodelwith the system sizeV=1000 is plotted. Good
qualitative agreement between the ESS and CLE methods is shown in
thisfigure. And it is clearly seen that, in the stochastic case, theHBpoints
defined by the deterministic dynamics disappear, and ‘stochastic’
Fig. 1. (a) The bifurcation diagram of the stochastic reduced model with respect to the
control parameter kp1, obtained with ESS method (circles) and CLE method (triangles),
and the diagram of the deterministic model (squares). The inset is the enlarged figure
near the left HB point. (b) The corresponding periods of the stochastic and deterministic
oscillations as function of the kp1. Here the stochastic simulation is carried out for
V=1000 and two HB points in the deterministic limit are kp1≈3.389 and kp1≈25.55.
oscillations appear in the SS regions near the HB points. Periods of
such oscillations are also close to the periods of deterministic
oscillations, as shown in Fig. 1(b). These results indicate that the
phenomenon of noise-sustained oscillation is in agreement with the
recent report that, for the dynamics of an irreversible biochemical
reaction system in themesoscopic world, circular motion is a necessary
characteristic of nonequilibrium steady state even when the corre-
sponding macroscopic system shows no sign of oscillation [47]. Since
these oscillations are supported by internal noise, one may call them
noise-sustained circadian oscillations (NSCO).

Recently, it is reported that commonly used reduced models that
ignore fast operator reactions can not describe full stochastic behavior
because the stochastic dynamics near the fixed point might be
changed remarkably by adiabatic elimination of the fast processes
[48]. Therefore, the stochastic dynamic of the unreduced model
described with Eqs. (1)–(3) is also investigated here. Eqs. (1)–(3) are
integrated numerically with ka=50, kd=1 and other parameters
same to those in Fig. 1(a). And the stochastic dynamic of this model
are simulated in CLEmethodwith V=1000. The deterministic and the
stochastic bifurcation diagrams (not shown) are similar to those
obtained in the reduced model. And NSCO is also obtained, which
means that the reduced model could be adopted to explain noise
effects on the mechanism for circadian rhythms in Drosophila.

Because there are only two variables in this model, the phase plane
analysis could be taken to explain the aforementioned behavior. The
M-nullcline and P-nullcline obtained by dm/dt=0 and dpt/dt=0 are
given as [18]:

M� nullcline : m =
vm

km½1 + ðpt ð1�qÞ
2Pcrit

Þ2�
; ð9Þ

P� nullcline : m =
kp1ptq + kp2pt
vpðJp + ptÞ

+
kp3pt
vp

: ð10Þ

Fig. 2 shows the phase plane portraits for kp1=26. It is shown that
the M-nullcline and P-nullcline intersect at a stable fixed point, i.e. the
deterministic system stays at a steady state. However, the system near
the HB point has excitability [49], which means that, for a sufficiently
large perturbation, the system will go through a large excursion in
phase-space before it comes back to the stable fixed point again (see
line a in Fig. 2 for the orbit for return to the stable fixed point).
Therefore, when noise comes into play, the system is driven far away
from the steady state with finite probability and thus is able to exhibit
stochastic oscillations that correspond to a stochastic limit cycle in
phase space (see line b in Fig 2 for the stochastic limit cycle with
V=800), resulting in the NSCO.

Barkai and Leibler [23] have suggested that the ability to maintain
constant circadian periodicity despite global change in the state of the
cell is probably necessary for the circadian clock to be embedded
successfully within the cell, because the variations in nutrition,
growth conditions or temperature may induce global change in
transcription and translation rates and affect the period of transcrip-
tion or translation-based oscillators. Herein, Fig. 1(a) shows that the
deterministic model sustains circadian oscillations in a precise region
of the parameter space, whereas the stochastic model could sustain
the oscillations in a wider region due to NSCO. Moreover, as shown in
Fig.1(b), the periods of stochastic oscillations fluctuate slightly around
periods of circadian oscillations in the OSC region of the deterministic
model. This implies that, in Drosophila, the circadian oscillations
becomemore robust to the variation of the control parameter in virtue
of the internal noise. Because the control parameter is affected by
temperature, these results might provide another point of view to
explain the temperature compensation [50,51].

In the following, the influence of noise intensity is considered on
the oscillations. The control parameter kp1 is chosen to 26, near the



Fig. 2. Phase plane portrait for the deterministic and stochastic dynamics with kp1=26.
Line a: the orbit along which the deterministic systemwith initial state pt=10,m=0.1
returns to the stable fixed point; line b: the stochastic trajectory for corresponding
stochastic system with V=800.

Fig. 3. The time series of the PER concentration pt for kp1=26 and system size V=20
(a), 800 (b) and 100,000 (c), respectively. All curves are obtained by the CLE method.
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right HB point, which gives rise to a steady state in the deterministic
system. Figs. 3 and 4 display the time series of PER concentration and
the corresponding power spectrum for the system size V=20, 800,
and 100,000, respectively. Both the time series and power spectrum
are obtained through the CLE method. Note that the time series used
to calculate the power spectrum contain 16,384 data points with an
average time interval 0.2 h. A Welch window function [52] is used
during the estimation of the power spectrum. The smoothed curves in
Fig. 4 are obtained by nearest averaging over 15 points from the
original ones. It is seen that, in Fig. 3(c), the system size (V=100,000)
is large, the internal noise is so small that the NSCO shows a weak
periodicity. In Fig. 3(a), the system size (V=20) is small, the
amplitudes of NSCO are irregular, demonstrating that the coherence
is broken by the strong noise. However, as shown in Fig. 3(b), for
intermediate system size (V=800), the NSCO performs much better
than in the other two figures. In Fig. 4, when the system size decreases
from 100,000 to 20, both the signal level and the noise background
increase at the peak. However, the peak for the intermediate system
size is the most pronounced. Figs. 3 and 4 both indicate that the
performance of the NSCO might be best at an appropriate system size,
demonstrating a resonance behavior.

To measure the coherence of NSCO quantitatively, an effective
signal-to-noise ratio (SNR) is defined as β=R/(Δω/ωp) [36,37], where
ωp is the frequency at the peak; R=P(ωp)/P(ω2), and P(•) the power
spectrum density(PSD) for a given frequency and P(ω2) is the smallest
PSD value between P(0) and P(ωp);Δω is thewidth betweenωp and the
frequencyω1 satisfyingω1≥ωp and P(ω1)=P(ωp)/e. It should be noted
that the values of β are calculated by averaging the results of 30
independent runs throughout this article. The dependence of effective
SNR β on the system size V for kp1=26 is plotted in Fig. 5(a). The
simulation result by CLE method demonstrates that an obvious peak
appears at a certain system size in the figure, displaying system size
resonance. Interestingly, the optimal system sizeV is near 1000,which is
of the same order of real living cells in vivo [53,54]. Because the
magnitude of internal noise is changed by varying the system size, the
presence of the maximum of β in Fig. 5(a) also indicates that the NSCO
plays the best performance at an optimal internal noise intensity,
charactering ICR. Using the methods discussed above, we also studied
the influence of internal noisewhen the control parameter is tuned near
the left HB point but at the LSS region. The NSCO is also obtained in this
region, and ICR occurs. Fig. 5(b) shows the dependence of effective SNR
β on the system size V for kp1=3.35.
Some previous studies about circadian rhythms have concluded
that internal noise often plays a destructive role in the oscillatory
region of a circadian system because of the phenomenon of noise-
induced phase diffusion of the oscillations [55,56], but recently it is
reported that, even in the oscillatory region, regularity of the
oscillations of a deterministic gene regulatory system could be
enhanced by intrinsic noise [26]. Hence, it is necessary to investigate



Fig. 4. The power spectrum of the oscillations in the PER concentration at kp1=26 with
V=20 (dash), 800 (solid) and 100,000 (dot) respectively. All curves are obtained by the
CLE method.
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the effect of internal noise on the deterministic oscillation in the OSC
region. As shown in Fig. 1(a), compared to the deterministic
oscillations, the amplitudes of the noisy oscillations in the OSC
region are obviously enhanced by internal noise. However, the
Fig. 5. Dependence of the effective SNR β on the system size V for the system with (a)
kp1=26, (b) kp1=3.35, obtained by the CLE method.
coherence of oscillations decreases monotonically with the increase
of internal noise level, because of noise-induced phase diffusion. As
shown in Fig. 6(a), when the noise intensity is small, noise induces
the phase portrait fluctuate around the deterministic limit cycle. But
if noise is too strong, as shown in Fig. 6(b), the phase portrait almost
fills the phase plane, demonstrating the system is overwhelmed by
noise. The dependence of effective SNR β on the system size for
kp1=15 is plotted in Fig. 7. And it is shown that the effective SNR
decreases monotonically with the increase of internal noise level.
That is, internal noise decreases the coherence of circadian oscilla-
tions and plays a destructive role in the OSC region. However, despite
the decrease of the coherence, the periods of the noisy oscillations
fluctuate just slightly around the ones of the deterministic oscilla-
tions, as shown in Fig. 1(b), which demonstrates that the determi-
nistic oscillations are robust to internal noise. This implies that the
simple model could provide a reliable picture of the working of
circadian clocks in Drosophila and can be used to study the molecular
mechanism of circadian rhythms.
4. Summary

In the present article, the constructive effects of internal noise in a
two-variable Drosophila model for circadian rhythm are investigated,
using the exact stochastic simulation and the chemical Langevin
Fig. 6. Phase portrait of the noisy oscillation (gray) with kp1=15 and (a) V=800, (b)
V=20. For comparison, the deterministic limit cycle is also plotted with black line.



Fig. 7. Effective SNR β as a function of the system size with the control parameter
kp1=15, obtained by the CLE method.
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equation method. It is found that internal noise could induce
oscillation in a region of the parameter space where the deterministic
system produces steady state. And the noise-sustained oscillations
could be explained by using phase plane analysis. The coherence of
noise-sustained oscillation undergoes a maximum with variation of
internal noise intensity, which demonstrates the occurrence of
intrinsic coherence resonance. And since the intensity of the internal
noise is determined by the system size, this phenomenon also
indicates a kind of system size resonance. In the oscillatory region of
the deterministic model, the coherence of circadian oscillations
decreases monotonously with the increase of internal noise strength
because of noise-induced phase diffusion of the oscillation, whereas
the period hardly changes for various noise intensities, indicating that
the deterministic oscillation is robust to internal noise. Based on the
aforementioned findings, it was argued that some of the cellular
regulatory systems might utilize internal noise to perform their
functions under the conditions in which these functions would not be
possible solely by deterministic means [57,58].
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